We prove a bilateral Bailey lemma and establish twenty-five transformation formulae between unilateral and bilateral summations for nonterminating basic hypergeometric series. Then they are employed to show numerous identities of Rogers-Ramanujan type, including most of Slater's collection of 130 identities.
where the base q will be restricted to |q| < 1 for nonterminating q-series. In addition, we shall fix δ = 0, 1 and ε = ±1 throughout the paper for brevity.
The well-known Bailey lemma [52, 53] has been powerful in proving the identities of RogersRamanujan type. Slater [135, 136] exploited this technique extensively and established systematically 130 such identities. The corresponding finitization process has successfully been realized by Sills [129] .
However, when utilizing the classical Bailey lemma to prove Rogers-Ramanujan type identities, there is a key step to incorporate unilateral series into a bilateral one so that the resulting series can be factorized through the identities of triple or quintuple products. In order to streamline the process of converting unilateral sums to bilateral ones, the present paper will directly prove a bilateral Bailey lemma and establish twenty-five transformation formulae between unilateral and bilateral summations for nonterminating basic hypergeometric series. Then they can be employed, through simple limiting process, to show numerous Rogers-Ramanujan type identities, including most of Slater's collection of 130 identities. Finally, we shall select 200 examples to tabulate as a source for further references.
Bilateral Bailey lemma and transformation
Bailey's lemma has been fundamental in the theory of basic hypergeometric series, which may be reproduced as follows. For two sequences {α k , β k } k∈N 0 subject to the condition β n = (α n , β n ) −→ α n , β n −→ α n , β n −→ · · · .
For the comprehensive coverage of Bailey chain, further development and applications to RogersRamanujan type identities, refer to Bailey [52, 53, 55] , Slater [135, 136] , Andrews [29, 31, 36] , Stanton [140] , Warnaar [147] as well as [9, 10, 39, 44, 45, 113] .
By extending the unilateral Bailey transform to bilateral Bailey transform, Andrews and Warnaar [45] derived several new identities for false theta functions. Guo et al. [98] studied finite forms of the Rogers-Ramanujan identities by using the bilateral Bailey lemma. Encouraged by these two recent works, we shall establish the following general bilateral Bailey lemma. λ+2n .
Lemma 1 (Bilateral Bailey lemma
β n = n k=−n−λ 2n + λ n − k α k (q; q)
(3a)
Then there holds the following relation
provided that 
Observe that for λ = 0, 1, the error-term R λ (n) vanishes. In this case, this lemma unifies the two terminating series transformations derived recently by Guo et al. [98, Corollaries 2.2, 2.3] , which can essentially be employed to establish a significant portion of our transformations from unilateral series to bilateral ones.
Proof. Substituting (3a) into (4b) and then interchanging the order of the double sum, we have the following expression: 
Reversing the summation order by putting j = n − i for the first sum and then applying the q-PfaffSaalschütz theorem [92, 
Substituting this into the last double sum expression of β n and then canceling the superfluous factors, we get the main sum displayed in (3b).
For the second sum displayed in (5), it is not hard to see that it differs from zero only when λ 2 and k = −1, −2, . . . , 1 − λ. Therefore, the error-term may be expressed as the following double sum
Replacing k, j respectively by −k, −i and then simplifying the result, we find the error-term displayed in (4c). 2
Now observing the right-hand side members of (3b) and (4b) with α k being replaced by (4a), we have the following equation:
Letting n → ∞ leads to the transformation from unilateral series to bilateral series. 
where the error-term is given by
According to this theorem, if there is a bilateral Bailey pair (α n , β n ) satisfying (3a), then the corresponding transformation formula displayed in (6a)-(6b) follows immediately. In order to find bilateral Bailey pairs, we shall essentially utilize two fundamental identities of basic hypergeometric series. 
Three special cases are now displayed for subsequent application.
• a → 
• a → q 2 : Reduced version after simplification
Twenty-five transformation formulae from unilateral to bilateral series
This section will establish twenty-five transformation formulae between unilateral and bilateral series. They are divided into three classes according to the number of extra free parameters. For the sake of brevity, this section will utilize the following abbreviated notation for well-poised fractions:
where n ∈ Z.
Transformations with two extra parameters b and d
Define α n = (−1)
It is not hard to verify, by the bilateral 4 ψ 4 -series identity displayed in (10) , that they form a bilateral Bailey pair (3a) with λ = 0 and R 0 = 0. According to Theorem 2, we get the following transformation:
For the two sequences defined by
it is not difficult to verify, by the bilateral 5 ψ 5 -series identity displayed in (11a)-(11b), that they form a bilateral Bailey pair (3a) with λ = 1 and R 1 = 0. According to Theorem 2, we get the following transformation:
[T2]
For the two sequences given by
we can show, by the terminating case of (12a)-(12b), that they form a bilateral Bailey pair (3a) with λ = 2 and R 2 = 0. Applying Theorem 2, we get the following transformation:
it is not hard to check, by the bilateral 6 ψ 6 -series identity displayed in (8a)-(8b), that they form a bilateral Bailey pair (3a) with q → q 2 , λ = δ and R δ = 0. According to Theorem 2, we have the following transformation:
[T4]
it is not difficult to check, by the bilateral 6 ψ 6 -series identity displayed in (8a)-(8b), that they form a bilateral Bailey pair (3a) with λ = 1 and R 1 = 0. According to Theorem 2, we have the following transformation:
[T5] 
When xy = q, evaluating the last sum with respect to k via (8a)-(8b)
we get the following summation formula
which is equivalent to (13) 
and then splitting the very-well-poised factor
we find another bilateral Bailey pair (with λ = 0 and R 0 = 0) as follows:
According to Theorem 2, we have the following transformation:
[T6]
Transformations with an extra parameter c
It is not hard to verify, by the bilateral 1 ψ 1 -series identity displayed in (7) , that they form a bilateral Bailey pair (3a) with λ = δ and R δ = 0. According to Theorem 2, we recover the following transformation: 
it is not hard to verify, by the bilateral 4 ψ 4 -series identity displayed in (10) , that they form a bilateral Bailey pair (3a) with q → q 2 , λ = 0 and R 0 = 0. According to Theorem 2, we get the following transformation:
[T8]
it is not difficult to verify, by the bilateral 5 ψ 5 -series identity displayed in (11a)-(11b), that they form a bilateral Bailey pair (3a) with q → q 2 , λ = 1 and R 1 = 0. According to Theorem 2, we get the following transformation:
[T9]
it is not difficult to verify, by the bilateral 6 ψ 6 -series identity displayed in (8a)-(8b), that they form a bilateral Bailey pair (3a) with q → q 3 , λ = δ and R δ = 0, where ω := e 2π i/3 is the cubic root of unity.
According to Theorem 2, we get the following transformation:
[T10]
it is not hard to verify, by the bilateral 4 ψ 4 -series identity displayed in (10) , that they form a bilateral Bailey pair (3a) with λ = 0 and R 0 = 0. According to Theorem 2, we get the following transformation:
we can prove, by the bilateral 5 ψ 5 -series identity displayed in (11a)-(11b), that they form a bilateral Bailey pair (3a) with λ = 1 and R 1 = 0. According to Theorem 2, we get the following transformation:
[T12]
it is not difficult to verify, by the bilateral 5 ψ 5 -series identity displayed in (11a)-(11b), that they form a bilateral Bailey pair (3a) with λ = 2 and R 2 = 0. According to Theorem 2, we get the following transformation:
[T13]
we can show, by the bilateral 6 ψ 6 -series identity displayed in (8a)-(8b), that they form a bilateral Bailey pair (3a) with λ = 1 + δ and R 1+δ = 0. Applying Theorem 2, we get the following transformation:
Writing explicitly the relation for the last Bailey pair
we find the following bilateral Bailey pair (with λ = δ and R δ = 0):
Performing the replacements δ → 1 − δ and n → n + δ in (14) (q 4+δ /c; q
we find another bilateral Bailey pair (with λ = δ and R δ = 0) as follows:
0, otherwise;
Therefore Theorem 2 leads us to the following transformation formula:
Transformations without extra parameter
we can show, by the bilateral 6 ψ 6 -series identity displayed in (8a)-(8b), that they form a bilateral Bailey pair (3a) with λ = δ and R δ = 0. According to Theorem 2, we have the following transformation:
[T17]
Let δ m,n be the usual Kronecker delta function. For the two sequences defined by
[T18]
it is not hard to verify, by the bilateral 4 ψ 4 -series identity displayed in (10) , that they form a bilateral Bailey pair (3a) with λ = 1 and R 1 = 0. According to Theorem 2, we get the following transformation:
we can prove, by the bilateral 5 ψ 5 -series identity displayed in (11a)-(11b), that they form a bilateral Bailey pair (3a) with λ = 2 and R 2 = 0. According to Theorem 2, we get the following transformation:
[T20]
it is not difficult to verify, by the bilateral 5 ψ 5 -series identity displayed in (11a)-(11b), that they form a bilateral Bailey pair (3a) with λ = 3 and R 3 = 0. According to Theorem 2, we get the following transformation:
[T22]
[T23]
we can prove, by the bilateral 6 ψ 6 -series identity displayed in (8a)-(8b), that they form a bilateral Bailey pair (3a) with λ = 2 + δ and R 2+δ = 0. According to Theorem 2, we get the following transformation:
[T24]
we find another bilateral Bailey pair (with λ = 1 + δ and R 1+δ = 0) as follows:
[T25]
For the bilateral transformation formulae proved in this section, some of them can naturally be derived from the known unilateral series transformations. The detailed information is summarized as follows:
[ In addition, observe that there are some extra parameters u, v or w appearing in several transformations. The advantage to have these variables lies in the freedom to choose them in order to evaluate bilateral sums directly through the identities of triple or quintuple products. This will be exemplified in the derivation of identity "No. 16" on p. 376.
Identities of Rogers-Ramanujan type
There are numerous identities of Rogers-Ramanujan type (product-sum identities) scattered in mathematical literature, which have been investigated through various methods. The following twelve typical approaches together with the main contributors to the topics are displayed, which may be useful to readers.
• Classical analytic method: Rogers [119, 120] [66] . See [63, 84, 115] for more recent works.
• q-Lagrange inversion: Gessel, Stanton [94, 95] , Stanton [138] , Chu [75] .
• Lattice path counting: Agarwal [6] [7] [8] , Bressoud [10, 71] , Chu [76] .
• q-difference equations: Alladi [12, 13] , Andrews [17] , Chu, Wang [82] .
• Special functions and orthogonal polynomials: Askey [46, 47] [79] .
Specializing the transformations displayed in the last section so that the bilateral series on the righthand side can be factorized into infinite products, we shall derive numerous identities of the RogersRamanujan type. The factorization process requires the following three theta function identities.
The first one is the Jacobi triple product identity [103] (see [77] and [92, §1.6] also)
The second one is a variant of Jacobi's triple product identity in view of the parity of summation index, which can be found in Bailey [55, Eq. 
The third one is usually called the quintuple product identity [74, 83, 149] :
For the derivation of identities of the Rogers-Ramanujan type is entirely routine, there is no necessity to produce the tedious computation details. We confine ourselves only to show the following two identities as exemplification.
One example is the identity with "No. 
Specifying further the two free parameters u, v = ± √ q and then factorizing through (15) the corresponding sum on the right-hand side, we get the identity Table 1 will cover most of the 130 identities appeared in Slater's list [136] . However, we did not attempt to rederive all the formulae there even though there is no technical difficulty to do so. One reason is that in Slater's list, several identities are very particular instances of some well-known summation formulae. Finally, there are already the annotated versions of Slater's list due to Sills [129] and McLaughlin, Sills, Zimmer [113] , which provide also updated crossing references.
Further observations and comments
In Table 1 , we have made efforts in order neither to repeat same identities, nor to reproduce special cases of known summation formulae. Several identities displayed in this table are remarkable, which can be commented briefly as follows. First, among the identities modulo "8" in triple products (from "No. 54" to "No. 80"), there are eleven new ones plus eight that will appear in the forthcoming second volume of "Ramanujan's Lost Notebook" [41] . Until very recently, the three classes of identities in quintuple products have been missing in the q-series literature, which are of moduli "6 + 12" (from "No. 156" to "No. 163"), "9 + 18" (from "No. 170" to "No. 173") and "12 + 24" (from "No. 181" to "No. 191"). McLaughlin and Sills [111] have independently discovered most of these identities involving quintuple products mainly by combining the known identities in triple products. However, our derivation through bilateral q-series transformations is more natural and systematic in the sense that further complementary identities are uncovered as the reader can observe those labeled with "Nos. 156-157", "Nos. 159-160", "Nos. 162-163", "No. 181" and "No. 185," which affirms that "No. 158" and "No. 161" are not isolated examples anymore for the identities in quintuple products moduli "6 + 12." 
[T2]: 
[T5]: [T5]:
[136, Eqs. (24), (30) 
[T4]: 
[T10]:
[T7]:
c → ∞, x, y → ∞ [87, 99, 119, 128] 
[T12]:
[T14]:
[41, Entry 6.5.2], [73, 82] 58
[41, Entry 6.5.2], [73, 82] 59 
[T12]: 
c → ∞, x = −1, y → ∞ [64, 131] 
